Abstract. Let G be the group of automorphisms of a free group F∞ of infinite order. Let H be the stabilizer of first m generators of F∞. We show that the double cosets Γm = H \ G/H admit a natural semigroup structure. For any compact group K the semigroup Γm acts in the space L 2 on the product of m copies of K.
1. Statements 1.1. Notation. Let F n be the free group with n generators x 1 , . . . , x n . Let
be the free group with countable number of generators. Denote by Aut(F n ) the group of automorphisms of F n . Such automorphisms are determined by images of the generators, (1.1)
where γ 1 (x), . . . , γ n (x) is a collection of elements of F n (this collection is not arbitrary, for an introduction to the theory of groups Aut n , see [5] , for relatively recent developments, see survey [16] ). We use a symbolic notation for (1.1),
x → γ(x).
Denote by G = Aut(F ∞ ) = lim n→∞ Aut(F n ) the inductive limit of the groups Aut(F n ). The group Aut(F ∞ ) acts by automorphisms on F ∞ , but it is not the whole group of automorphisms of F ∞ . Denote by H = H m ⊂ G the stabiliser of the generators x 1 ,. . . x m . It is convenient to rename generators as x 1 , . . . , x m , y 1 , y 2 , . . . and to write elements of H as
or, detailed
Denote by S ∞ the group of finitely supported permutations of {1, 2, . . . , }. The group S ∞ acts on F ∞ by permutations of generators, this determines an embedding S ∞ → G. We also regard S ∞ as a group of infinite 0-1 matrices. Finally, we define the group S ∞ [m] ⊂ S ∞ consisting of substitutions preserving elements 1, 2, . . . , m.
1.2. Forcing apart and the semigroup of double cosets. Denote by Γ m the double cosets
Consider the following sequence θ j ∈ S ∞ [m]:
Fix g, h ∈ G. Consider the following sequence of double cosets
Evidently, this sequence is eventually constant. We denote by g • h ∈ Γ m its value for sufficiently large j.
Proposition 1.1. a) The double coset containing g • h depends only on double cosets containing g and h.
b) The operation g • h on Γ m is associative.
Let us rename the generators of F ∞ , denote them by
. . , where N is sufficiently large (such that both automorphisms g, h fix generators z, u). Let us write g, θ N , h as
Then the product is
Remark. The group of invertible elements of Γ m is Aut(F m ).
. Equip K with a probabilistic Haar measure. Consider the countable product
Consider the space of conjugacy classes
(we substitute k 1 , k 2 , . . . to the corresponding words). Thus we get an action of the group G on the space K ∞ . Such maps preserve the Haar measure on K ∞ (this is clear for generators of G, on presentation of this group, see, e.g., [5] , Section 1.4).
The transformations (1.5) commute with the action (1.4) of U . Therefore we get a measure preserving action of G on K ∞ //U and the unitary representation
Denote by P the operator of orthogonal projection to H. For g ∈ Aut ∞ we define the operator
Remark. This also determines an action of Γ m on the measure space K m //U by polymorphisms (spreading maps, see [6] , Section VIII.4.
1.4. Some comments. The phenomenas discussed above (the existence of semigroup structure of double cosets and the action of the semigroup in the subspace of fixed vectors) are usual for infinite-dimensional groups. First special cases were discovered by R.S.Ismagilov in 60s (see [3] , [4] ). The phenomenas exist for classical groups over R and over p-adic fields, for symmetric groups, for groups of automorphisms of measure spaces. This was widely explored by G.I.Olshanski in representation theory of infinite-dimensional classical groups (see [12] , [11] , see also [6] ). On recent progress, see, e.g., [9] , [7] , [8] . The present note shows that a behavior of Aut ∞ is (at least partially) similar to the behavior of infinite-dimensional groups. The proof of Theorem 1.2 given below (2.2) coincides with a proof of [6] , Theorem VIII.5.1.
The spaces of conjugacy classes (K × · · · × K)//K and actions of discrete groups on these spaces are widely discussed in theory of Teichmüller spaces and its neighborhood (on actions in L 2 , see [1] , [2] , [13] ).
Extensions of the construction. Consider the conjugacy classes
For g, h ∈ H we consider the conjugacy class containing g (θ j hθ −1 j ). This sequence is eventually constant, we set g * h being its value for large j. Proposition 1.3. The * -multiplication is a well-defined associative operation on ∆ m .
Next, consider a product
Consider the diagonal subgroup G = diag(G) and the subgroup H ⊂ in the diagonal.
For g, h ∈ G consider the following sequence of double cosets
where θ j is regarded as an element of H. Again, this sequence is eventually constant, we denote by g • h its value for sufficiently large j Proposition 1.4. The •-multiplication is a well-defined associative operation on
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2. Proofs 2.1. Proof of Proposition 1.1. First, we show that the product does not depend on the choice of N . Indeed, let us denote generators as Next, consider elements r, q ∈ H given by r :
gθ N rh = r · gθ N h, where r is an endomorphism of F ∞ given by r :
To show invertibility of r , we write r −1 as
In these equations we can replace x 1 ,. . . , x m by an arbitrary collection of words in F ∞ without entries of y, Therefore, the endomorphism
is inverse to r . Next, consider gqθ N h. Passing to the inverse element
we come to the the case discussed just now,
for some q ▽ ∈ K. Therefore,
This proves the statement a).
To prove associativity, take 3 elements of G, g :
we can change these elements by conjugate elements g :
Then for calculation of •-products in (2.1) we can set θ N = θ 0 , i.e., we can evaluate the usual product. Now associativity is obvious. The final formula is
This also explains a structure of multiple products. 2.2. Proof of Propositions 1.3 and 1.4. The same arguments prove Proposition 1.4. Next, there is a one-to-one correspondence between the sets
The first set is subsemigroup in
and therefore the second set also has a semigroup structure. It remains to verify, that two multiplications in G//H coincide.
2.3. Proof of Theorem 1.2.
b) The sequence of operators T (θ N ) converges to the projector P in weak operator topology 3 .
Proof. a) For the space L 2 (K ∞ ) this follows from Hewitt-Savage zero-one low, see, e.g, [15] , Section IV.1, Theorem 3. The space L 2 (K ∞ //U ) can be regarded as the space of U -invariant functions in L 2 (K ∞ ), and the action of U commutes with action of S ∞ [m].
b) The statement can be easily proved in a straightforward way. However, this is a general fact for continuous representations of infinite symmetric group (A.Lieberman-G.I.Olshanski, see [10] , [6] , Section VIII.1, Corollary 5).
Proof of Theorem 1.2. Decompose L 2 (K ∞ //U ) as a direct sum of H and its orthocomplement. Consider an operator
It equals P T (gθ N h) P for sufficiently large N . Therefore T (θ j ) T (h) P = P T (g)P T (h) P = = (P T (g) P )(P T (h) P ) = T (g) 0 0 0 T (h) 0 0 0 .
3 See, e.g., [14] , below in (2.2) we use separate continuity of product with respect to weak topology.
Here lim j→∞ is the weak operator limit. Thus we get T (g • h) = T (g)T (h).
